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Reinforcement Learning

Lecture 2

Lecturer: Haim Permuter Scribe: Ziv Aharoni

Throughout this lecture we talk about policy evaluation and policy improvements in
finite MDPs. We focus on problems where the environment is known to the agent and
fully observed. First, we show how a policy can be evaluated' by solving the Bellman
equation. Last we will show how to greedily improve the policy towards finding the

optimal policy of the MDP.

I. PoLiCcY EVALUATION

In the last lecture we introduced the state-value function as given by

U7T<S) =E, kaRtJrkJrl

k=0

St:s], Vse S, ve€(0,1). (1)
By using the Markov property of the MDP we can derive the Bellman equation for v,
Un(8) = Ex [Res1 + 707 (Se41) | St = 8]

— Z 7(als) [r(s,a) —i—’yZp(S’ | s,a)v,r(s’)] , Vse S8, v€(0,1) (2

acA(s) s'eS

where

r(s,a) = Zp(r | s,a)r 3)

reR

The Bellman equation satisfies a recursive relationship of v, that could be exploited to
find v,. Note that the Bellman equation (2) is a system of linear equations, and, hence,

could be solved simply with tools from linear algebra. An explicit formulation is available

'evaluating a policy means finding its corresponding state-value function v (s)
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in the appendix. Now, we show how to solve the Bellman equation by an iterative process.

Let us define the state-value vector by

vr(51)

voo | "] @

Un(8151) ]
and, the operator 77 by

To(v)(s) = Z w(als) |r(s,a) + VZP(S, | s,a)v(s)|, VseS (5)

acA(s) s'eS
Note that 77, is defined based on the Bellman equation for v,. Now, for an arbitrarily

vy € RISl we define the sequence {v;}%, by

Vi(s) = Tr(Vi-1)(s)
= Tr(Tr(Vi—2))(s)
=TTl Ta(vo)(s)...))
— Th(vo)(s), Vs€S 6)

We want to show that the operator T); satisfies the property,

lim TF(vo)(s) = va(s), Vvo€R® s€S, @)

k—o0
this will assure that the iterative process will converge to v,.. Let us survey some properties

of the operator 7.

Theorem 1 (Properties of 7)) The operator 7, satisfies the following properties:

Yv,v e RISl s€ 8,

1. monotonicity v(s) < V'(s) = Tr(v)(s) < Tr(v')(s)
2. additivity VdeR: 9(s) =v(s)+d=T,(0)(s) = Tr(v)(s) +d
3. ~y-contraction Vv, v € RISI || T (v) = To(v) | < V]|V — V]| 50

Proof Let us prove the properties:
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monotonicity: First, note that by the assumptions (v(s) — v(s)) > 0 holds. Now, let us
consider the difference T, (v)(s) — T (v)(s).

Te(v)(s) = Ta(v)(s) = ) w(als) [T(S,a) +7) (s [ 5,a)u(s)

acA(s) s'eS

| IS |

— Y wlals) [T(S,G)Jr’VZp(S’ | 5,a)v'(s")

|

acA(s) s’'eS
/ 1ot @
= > > anlals)pls’ | s,a) [u(s") = v'(s)] = 0
acA(s) s'eS

where (a) follow from that y7(a|s)p(s’ | s,a) > 0, and, hence T, (v')(s) > Tr(v)(s).
additivity: Let us compute T, (0)(s) directly.

To(0)(s) = Y mlals) [r(s.a) +7 Y p(s'| 5,a)(u(s') +d)

a€A(s) L s’'es

= Y wlals) [r(s,a) +7 ) p(s' | s,a)(o(s) | +
a€A(s) L s'eS

+ Z Z”yw als)p(s' | s,a)d
a€A(s) s'€S

(@)
Tx(v)(s) +vd
where (a) follows from that D, 4 > es m(als)p(s’ | s,a) = 1.

~v-contraction: Let us check the property directly.

I Te(0)(s) = Tu(@)(s) = | Y D mlals)p(s’ | s,a) [v(s') = /()

acA(s) s'eS

< Z Z’m als)p(s' | s,a) m%x\v(s') — (s
s

a€A(s) s'€S

— PR
=y max o(s') — /(5

=7V =Vl
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This is true Vs € S, therefore also for maxcs |1 (v)(s) — Tr(v)(s)|, which proves the
property.

Now, we use the properties to prove two Lemmas that will aid us in proving (7).
Lemma 1 For all n € N, vy € RISl and a sequence {v;}3°, defined by the the rule
vi = Tr(vi—1) Vk > 1, the following

[Vat1 = Vallso< 7"([V1 = Vollo ®)
holds.
Proof Let us use the vy-contraction property of T, to prove the statement in induction.
The induction base for n =1,

(a)
Vi1 = Vallee= 15 (V1) = Tr(Vo)llo < 7l[V1 = Vol

where (a) follows from the y-contraction property of 7. We assume the correctness for
n = k. We check forn =k 41

Va1 = Victalloo = [ Tr (Vi) = Tr(vid)[loo

a
< Y| Visr — Vil

) k+1
< " ve = Vol

where (a) follows the y-contraction property, and, (b) follows the induction’s assumption.

Hence, we proved in induction the Lemma.
Lemma 2 The sequence {v;};°, is a Cauchy sequence.

Proof For m,n € N such that m > n
a
va - Vn“oo S va - melHoo—i_Hmel - Vm72Hoo+ R an+1 - Vn”oo

(b)
<A™ v = Vol Ve = Voot - + "IV — Voll

m—n—1

=7"[vi = Vol Y 7
=0
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o
<A"|lv1 — VOHOOZ o
1=0

n
n—oo

= v = Vo[ "= 0
-7

where (a) follows the triangle inequality, and, (b) follows Lemma 1. Hence, {v,}%2, is

a Cauchy sequence, and therefore converges to v*.

Theorem 2 For T}, be defined in (5), for all v € RIS/, the following holds:

lim TF(vy) = va, ¥vo €S )
k—o0
Proof Note that v, satisfies 7,(v,) = v, by the Bellman equation, therefore,

limg_ oo ij(v,r) = v, holds. Now, let us assume that there exist v* € RIS, v* % Vo,

such that limy,_,, T%(vo) = v*. Let us choose vy = V.

v = lim TF(vy) = lim TF(v,) = v,
k—ro0 k—ro0

in contradiction to the assumption. This proves the theorem.

Algorithm 1 Iterative Policy Evaluation
input: policy 7(+|s), tolerance e

output: estimated value function 0 (s)

initiate vo = 0 € RIS! k < 0
repeat
for s € S do
Vicr1(s) = Tr(vie) (5)
0 = [[Vir1 — Vil
k+—k+1
until 6 < €

return vy

After we showed that v, could be evaluated by an iterative procedure, let us specify the
algorithm for finding v iteratively, namely, iterative policy evaluation. The algorithm is

depicted in Algorithm 1.
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II. PoLIiCY IMPROVEMENT

Now, after evaluating a given policy m, we would like to make an improvement in the
current policy in the sense of improving the expected return, i.e improving v, (s). Hence,

let us define partial ordering over policies and the optimal policy.

Definition 1 Let 7, 7’ be two policies. we say that
77 if v(s) <wvp(s) Vse€S

Definition 2 The Bellman optimality equation is given by

acA(s) -

v*(s) = max {7’(5, a) +y Zp(3/|s, a) [Uﬂ(s/)}} (10)

)

This condition is equivalent for finding a policy 77* such that Vr,s € S, v.«(s) > v ($).

Based on Definition 1, we seek to change a policy 7 to obtain a better policy 7. By the

Bellman equation we can express v,(s) by

Un(8) = Ex [Res1 +70x(Se41) | Sp = 8]

= Er [Ex [Re1 + Y0 (Si41) | Sp =5, A¢] | Sy = 5]
= Zﬂ(a|s)qn(s,a)

< s 7
< ;W(ab) max gx(s,)

= (S, 11
2375 (50 v

The term ¢, (s, a) represents the expected return of being in state s and choosing action
a and thereafter following policy 7. From (11) we can conclude that we can act greedily

to improve 7 to a deterministic policy 7’ that is given by

1, if a = argmax, 4, ¢ (S, a
7(]s) = A ) vses. (12)
0 ,else

Hence, we can derive that

Ur(s) < max gx(s, a) = gz (s, 7(s)) (13)
acA(s)
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Let us show that m < 7.
Un(8) = Ex [Rey1 + Y0r(St41) | S = 8]
< Eu [Re1 + VG (Se1, ' (Se41)) | St = 5]
=Er [Rey1 +YEw [Revo + y0r(Sts2) | Sea] | St = s
= Ev [Rep1 + VEw [Rivo + Y0 (Sis2) | Sii1, Se = 8] | S = 8]
=E. [Ris1 + YRtz + 7 0x(Ses2) | St = 8]

< Ex [Rt+1 + YRt + 7V Riys + 7 0r(Sis2) | St = 3}

<En [Rt+1 +YRis2 + V' Ress + 7V Rips + ... | Se = S}
= v ($) (14)

We showed that given a policy m we can act greedily to get 7’ which is better or equal

to 7. If after the improvement of 7, v.(s) = v (s) Vs € S we get that

V(8) = v (s) = mex {Zp(s’, rls,a)[r + vvﬂ(s’)]} : (15)

acA(s
which constitute the Bellman optimality equation (2), i.e m = «*. The policy improvement

algorithm is depicted in Algorithm 2.

Algorithm 2 Policy Improvement

input: value function v, (s)

output: new deterministic policy 7’(s)

for s € S do
m'(s) = argmax,c 4(s) {Zs’,rp<8/; r|s,a)[r + ”yvﬂ(slﬂ}

return 7'(s)

III. PoLICY ITERATION

In the previous sections we showed how we can improve a given policy 7 by 1) evaluate

it by using policy evaluation, and, 2) improve it greedily by using policy improvement
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to get a better policy 7’. we can repeat this process sequentially to get a monotonically
non-decreasing policies that will converge to a optimal policy 7* with the corresponding

v*. This process could be depicted by the following diagram:
Woivmi)mivmé...gmgvm (16)

Here we start with a random policy 7, use policy evaluation (—) to evaluate v,, and
then use policy improvement (i>) to find 7. This process continues repeatedly until v(+)
stops improving, i.e v(-) meets the Bellman optimallity condition. The policy iteration

algorithm is depicted in Algorithm 3.

Algorithm 3 Policy Iteration

input: Environment p(r | s,a), p(s' | s, a)

output: 7", v*

initiate mo(s) € A(s) Vse S
k < 0.
€ tolerance parameter.
vV, = policy evaluation(m) (Algorithm 1)
repeat
Tr+1 = policy improvement(v,, ) (Algorithm 2)
V.., = policy evaluation(m; ) (Algorithm 1)
k< k+1
0= [[Vaer = Vmelloo
until 6 < e

return v, R V', T R

Example 1 (Gridworld) Let us consider the grid as depicted in Figure 1. Let us define
the environment of the MDP. The problem has two terminal states (gray squares), i.e two
states from which the probability to move to other state is 0. The state space is defined by
S =1{0,1,2,...,14,15}. The reward signal equals to -1 and is uniform over all transitions

and actions starting from states {1,2,...,14} and is O when starting in states {0, 15}. The
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action space is uniform over all s € S and equals .A(s) = {up, down, right, left}, except
from states there are near the edge of the board whose action space contains all the valid
directions. E.g, A(3) = {down, left}. The transitions are determined deterministically by
the chosen action, i.e

1 ,a points from s to s’

p(s' |s,a) =
0 ,else

Last, we consider here an undiscounted MDP, i.e v = 1.

4 |Is le |7 R=-
on all transitions

actions
12 N3 |4

Now, Let us consider an arbitrary policy my(als) = m, Vs € §. We would like to
evaluate o(a|s) with iterative policy evaluation. First, we initiate vo = 0 € RS, Now

let us define the operator 7.

[0 ] (1 0 0 0 0 0 0 O 0]

1 033 0 033 0 0033 0 0 0
|7 RS pr_ 0 033 0 0330 0 033 0 0| . gisas
: 0 0 05 0 0 0 0 05 0

1
0 o 0o 0 0 0 0 0 0 .. 1

Now, we can either use the close-form solution for v,, or either, use iterative policy
evaluation algorithm. By using the closed form solution we obtain v,, by Equation (21)
as depicted in Figure 1. On our case, the matrix I — yPL, is not invertible (it has two

rows of zeros), hence we used the pseudo-inverse matrix to compute v,.
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0.00 |-11.08 [-15.56 |-17.13

-10.98 (-14.16 |-15.53 |-15.67

-15.56 [-15.62 |-14.04 |-11.08

-17.14 |-15.67 |-10.98 | 0.00

Fig. 1. state-value function for the random policy as obtained by the closed form solution of the Bellman equation.

Now, let us use the iterative policy evaluation algorithm. This means applying 7 on
vo = 0 repeatedly, i.e computing the sequence {v;}7_,, where T is the final iteration.
In Figure 2 there is a depiction of the first iterations, along with the final iteration. We
used the algorithm with € = 107%, and after 258 iteration the algorithm converged. We
can see that the iterative algorithm is much more stable than the closed form solution
and less vulnerable to computational errors.

Now, we can use v,, to act greedily and improve the policy to a better one with the
policy improvement algorithm. We can see that acting greedily with respect to either the
state-value function, as we found in the closed form solution, or, by the the state-value
function, as we found by the iterative policy evaluation algorithm, will yield the optimal
policy. This means, that in order to find the optimal policy with the policy iteration
algorithm, we need to perform one iteration (one evaluation and one improvement) to
find the optimal policy. Note that if we acted greedily after the third iteration of iterative
policy evaluation we would have found the optimal policy, even though we did not find

accurately v,,. This could be exploited and will be surveyed in next lectures.
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Fig. 2. On the left side, there is a policy evaluation procedure for the uniform policy. The sequence of value functions
converges to the real state-value function vr,. On the right side, there is a policy improvement step with respect to

the value function in iteration kK, namely v, .
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APPENDIX
A. closed-form solution of the Bellman equation

Given a finite state space S, namely |S| < oo, let us define the reward vector by

E, [Rt—i-l | Sy = 81] ]
E, [RtJrl ‘ Sy = 32]

Rr= ; (17)
_Eﬂ' [RtJrl ‘ S = S\Sl]_
and the transition matrix by
(PL)i; = > wlals;)p(sils;, a) £ pa(sils;) (18)
acA(s;)
Pr(s1|51) px(s2]51) ... Pr(Snls1)
pr, — pw(3.1|32> pr(sals2) .. pr(sals2) | (19
|Px(51|50) Pr(S2]Sn) --. Dx(Snlsn)]
Now, we can rewrite (2) in matrix form by
Ve =Rz +YPiyVn, (20)

and the solution to the value-function Bellman expectation equation can be simply be
found by
vy =1 —9P") 'R, (21)
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